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Preliminaries Notations

Latin Notations

NOTATIONS
WE WILL TRY TO KEEP THEM FROM NOW TO THE END …
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• 𝑁𝑝 : prediction horizon

• 𝑘 : current time

• Given a vector 𝑧 ∈ ℝ𝑛𝑧, we will adopt these 2 notations for 

prediction: 𝑍 𝐾 𝑘 and 𝑍 𝐾 + 1 𝑘 to denote:

𝑍 𝐾 𝑘 =

𝑧(𝑘|𝑘)
𝑧(𝑘 + 1|𝑘)

⋮
𝑧(𝑘 + 𝑁𝑝 − 1|𝑘)

∈ ℝ𝑁𝑝𝑛𝑧 𝑍 𝐾 + 1 𝑘 =

𝑧(𝑘 + 1|𝑘)
𝑧(𝑘 + 2|𝑘)

⋮
𝑧(𝑘 + 𝑁𝑝|𝑘)

∈ ℝ𝑁𝑝𝑛𝑧

They can be interpreted as « what I expect over the 

prediction horizon, based on what I know at time 𝑘 ».

• When there is no confusion: 𝑍 𝐾 , 𝑍 and 𝑍 𝐾 + 1 , 𝑍+

Figure 1: Recall from Romain’s slides
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Preliminaries Notations

Notations and algebra for today

‚ L: trajectory length, t: current time, Np: prediction horizon
‚ Given a vector z P Rnz , we will adopt the following notations:

‚ zk the value of z at time k

‚ zrk,k`ℓs “

¨

˚

˚

˚

˝

zk

zk`1
...

zk`ℓ

˛

‹

‹

‹

‚

P Rpℓ`1qnz the "stacked window"

‚ zkptq predicted/calculated value of zt`k, from information available at time t
ãÑ zr0,ℓsptq “what I expect on the interval rt ` 0, t ` ℓs, based on what I know at

time t”
‚ Given a matrix M , we have its Moore-Penrose inverse M :

‚ If Mx “ b has solution(s) for x, then M :b is a solution
‚ Given a matrix M ą 0 and a vector z: }z}2

M :“ zJMz
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Preliminaries Prediction

Model-Based State Prediction

PREDICTION MODEL
THE LINEAR CASE
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• Let us consider the linear discrete-time system

𝑥 𝑘 + 1 = 𝐴𝑥 𝑘 + 𝐵𝑢 𝑘 , 𝑥 ∈ ℝ𝑛𝑥 , 𝑢 ∈ ℝ𝑛𝑢

• Let us suppose that we have a measure of the current state 𝑥(𝑘)

• Show that 𝑋(𝐾 + 1|𝑘) can be expressed as: 

𝑋 𝐾 + 1 𝑘 = 𝐹𝑥 𝑘 𝑘 + 𝐻𝑈(𝐾|𝑘)

Figure 2: Recall from Romain’s slides
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Preliminaries Prediction

Brick 1: Model-Based Output Prediction

‚ Linear discrete-time system:
#

xk`1 “ Axk ` Buk

yk “ Cxk ` Duk

; x P Rnx , u P Rnu , y P Rny

‚ Suppose xk (and u) is known:

yrk,k`L´1s “ OL xk` HL urk,k`L´1s

»

—

—

—

–

yk

yk`1
...

yk`L´1

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

C
CA

...
CAL´1

fi

ffi

ffi

ffi

fl

xk`

»

—

—

—

–

D 0 . . . 0
CB D . . . 0

...
... . . . ...

CAL´2B CAL´3B . . . D

fi

ffi

ffi

ffi

fl

»

—

—

—

–

uk

uk`1
...

uk`L´1

fi

ffi

ffi

ffi

fl
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Preliminaries Prediction

About Linearity

‚ We know 2 "trajectories":
‚ x1

0, u1
r0,L´1s

, y1
r0,L´1s

‚ x2
0, u2

r0,L´1s
, y2

r0,L´1s

‚ We want to compute the output sequence y3
r0,L´1s

, corresponding to
‚ state x3

0 “ x1
0 ` x2

0
‚ input sequence u3

r0,L´1s
“ u1

r0,L´1s
` u2

r0,L´1s

but we don’t know OL nor HL...

‚ Thanks to linearity, we have:

y3
r0,L´1s “ OLx3

0 ` HLu3
r0,L´1s

“ OLpx1
0 ` x2

0q ` HLpu1
r0,L´1s ` u2

r0,L´1sq

“ pOLx1
0 ` HLu1

r0,L´1sq ` pOLx2
0 ` HLu2

r0,L´1sq

“ y1
r0,L´1s ` y2

r0,L´1s
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Data-Based System Representation Eliminating the Parametric Model

Brick 2: An alternative to the State Observer

‚ Suppose now that S is observable, which by definition means:

@n ě nx, rankpOnq “ rank

¨

˚

˚

˚

˝

»

—

—

—

–

C
CA

...
CAn´1

fi

ffi

ffi

ffi

fl

˛

‹

‹

‹

‚

“ nx

ãÑ Onx0 “ yr0,n´1s ´ Hnur0,n´1s is a system of linear equations, with a unique
solution 1 x0

“ O:
n

`

yr0,n´1s ´ Hnur0,n´1s

˘

ãÑ This is a "static" alternative to dynamic state observers: it is called MHE
(Moving Horizon Estimator).

ãÑ It is linear too!

1Assuming yr0,n´1s is a possible output of the system
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Data-Based System Representation Eliminating the Parametric Model

Model-Based Input-Output Representation

‚ Up until now, we have (with L ą n ě nx):
‚ Output prediction: yr0,L´1s “ OLx0 ` HLur0,L´1s

‚ State estimation: x0 “ O:
n

`

yr0,n´1s ´ Hnur0,n´1s

˘

‚ Let’s plug all this together:

yr0,L´1s “ OLO
:
n

`

yr0,n´1s ´ Hnur0,n´1s

˘

` HLur0,L´1s

‚ For convenience we can write (same n; Np “ L ´ n ě 1):

yr´n,Np´1sptq “ ONp`nO
:
n

`

yr´n,´1sptq ´ Hnur´n,´1sptq
˘

`HLur´n,Np´1sptq

‚ For convenience (again) we rewrite:

yr0,Np´1sptq “ Au
Lur´n,´1sptq ` A

y
Lyr´n,´1sptq ` BLur0,Np´1sptq

“ AL

„

ur´n,´1sptq

yr´n,´1sptq

ȷ

` BLur0,Np´1sptq
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Data-Based System Representation Eliminating the Parametric Model

Back onto Linearity

‚ From before:

yr0,Np´1sptq “ AL

„

ur´n,´1sptq

yr´n,´1sptq

ȷ

` BLur0,Np´1sptq

‚ Given initial conditions
„

ur´n,´1sptq

yr´n,´1sptq

ȷ

and "future" inputs ur0,Np´1sptq, we

want to compute future output yr0,Np´1sptq.

‚ If we know input-output trajectories pui
r´n,Np´1s

, yi
r´n,Np´1s

qi“1,2 such that
#

ur´n,´1sptq “ u1
r´n,´1s

` u2
r´n,´1s

yr´n,´1sptq “ y1
r´n,´1s

` y2
r´n,´1s

; ur0,Np´1sptq “ u1
r0,Np´1s`u2

r0,Np´1s

ãÑ Future output is (similarly as before):

yr0,Np´1sptq “ y1
r0,Np´1s ` y2

r0,Np´1s
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Data-Based System Representation Building the Non-Parametric Model

A Non-Parametric Model?

‚ Say we have a lot of input-output trajectories pui
r´n,Np´1s

, yi
r´n,Np´1s

qi“1:K ,
we can store them in data matrices:

U “

”

u1
r´n,Np´1s

u2
r´n,Np´1s

. . . uK
r´n,Np´1s

ı

Y “

”

y1
r´n,Np´1s

y2
r´n,Np´1s

. . . yK
r´n,Np´1s

ı

ãÑ For any vector α, if
#

ur´n,Np´1sptq “ Uα

yr´n,Np´1sptq “ Y α
ðñ

„

U
Y

ȷ

α “

„

ur´n,Np´1sptq

yr´n,Np´1sptq

ȷ

then pur´n,Np´1sptq, yr´n,Np´1sptqq is a valid trajectory.

‚ When is the reverse true? If we have a trajectory, when can we find a
corresponding α?

ãÑ Depends on the "diversity" of data...
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Data-Based System Representation Building the Non-Parametric Model

One More Notation...
The Hankel Matrix

z P Rnz

HLpzrk,k`N´1sq “
“

zrk,k`L´1s zrk`1,k`Ls . . . zrk`N´L,k`N´1s

‰

“

¨

˚

˚

˚

˝

zk zk`1 . . . zk`N´L

zk`1 zk`2 . . . zk`N´L`1
...

... . . . ...
zk`L´1 zk`L . . . zk`N´1

˛

‹

‹

‹

‚

P MpLnzqˆpN´L`1qpRq
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Data-Based System Representation Building the Non-Parametric Model

One More Notation...
The Hankel Matrix, visually

With L “ 3 and N “ 7:

H3pzrk,k`6sq “

zk`0 zk`1 zk`2 zk`3 zk`4

zk`1 zk`2 zk`3 zk`4 zk`5

zk`2 zk`3 zk`4 zk`5 zk`6

¨

˚

˚

˝

˛

‹

‹

‚

z

t
k ` 0 k ` 1 k ` 2 k ` 3 k ` 4 k ` 5 k ` 6
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Data-Based System Representation Building the Non-Parametric Model

Willems’ Lemma

Theorem
Let S a linear time-invariant, controllable and observable system. Let ud, yd a
trajectory of S of length N (ud input, yd output), such that
ud is Persistently Exciting of order L ` n. Then, with again u input, y output:

@

„

u
y

ȷ

trajectory of S, Dα P RN´L`1,

„

u
y

ȷ

“

„

HLpudq

HLpydq

ȷ

α

Definition (Persistence of Excitation)

urk,k`N´1s, such that uk P Rnu , is Persistently Exciting of order L ` n if:

rankpHL`npurk,k`N´1sqq “ nu ˆ pL ` nq

Consequence : N ě pnu ` 1q ˆ pL ` nq ´ 1.
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Data-Based System Representation Building the Non-Parametric Model

A Non-Parametric Model

‚ It is now established that: if ud is such that rankpHL`npudqq “ pL ` nqnu,
and we take U “ HLpudq, Y “ HLpydq then

Dα,

„

U
Y

ȷ

α “

„

ur´n,Np´1sptq

yr´n,Np´1sptq

ȷ

ðñ

„

ur´n,Np´1sptq

yr´n,Np´1sptq

ȷ

is a trajectory.

‚ We can "cut" the data matrix in two parts:

Y “

„

Yp

Yf

ȷ

“

«

y1
r´n,´1s

y2
r´n,´1s

. . . yK
r´n,´1s

y1
r0,Np´1s

y2
r0,Np´1s

. . . yK
r0,Np´1s

ff

‚ Then, using linearity (for prediction and MHE):
„

ur´n,Np´1sptq

yr´n,´1sptq

ȷ

“

„

U
Yp

ȷ

α ùñ yr0,Np´1sptq “ Yf α
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yr´n,Np´1sptq

ȷ

ðñ

„

ur´n,Np´1sptq

yr´n,Np´1sptq

ȷ

is a trajectory.

‚ We can "cut" the data matrix in two parts:

Y “

„

Yp

Yf

ȷ

“

«

y1
r´n,´1s

y2
r´n,´1s

. . . yK
r´n,´1s

y1
r0,Np´1s

y2
r0,Np´1s

. . . yK
r0,Np´1s

ff

‚ Then, using linearity (for prediction and MHE):
„

ur´n,Np´1sptq

yr´n,´1sptq

ȷ

“

„

U
Yp

ȷ

α ùñ yr0,Np´1sptq “ Yf α

14 / 20 Alexandre F.B. Data-Driven MPC



Data-Driven Predictive Control MPC

Model Predictive Control

Problem (Control)

At each time t, compute ūptq that minimizes cost:

Jpūr0,Np´1sptq, ȳr0,Np´1sptqq

such that

Dynamics:
#

x̄i`1ptq “ Ax̄iptq ` Būiptq

ȳiptq “ Cx̄iptq ` Dūiptq
, 0 ď i ă Np

Initial state: x̄0ptq “ xt

Then, we apply ut “ ū0ptq.
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Data-Driven Model Predictive Control

Problem (Data-driven control)

At each time t, compute αptq that minimizes cost:

Jpūr0,Np´1sptq, ȳr0,Np´1sptqq

` λε}εptq}2
2 ` λα}αptq}2

2

such that

Behavior:
„

ūr´n,Np´1sptq

ȳr´n,Np´1sptq

ȷ

“

„

HLpudq

HLpydq

ȷ

αptq

Noisy

Initial conditions:
„

ūr´n,´1sptq

ȳr´n,´1sptq

ȷ

“

„

urt´n,t´1s

yrt´n,t´1s

ȷ

Then, we apply ut “ ū0ptq.

Recall, L “ Np ` n.
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Data-Driven Model Predictive Control

Problem (Data-driven control)

At each time t, compute αptq that minimizes regularized cost:

Jpūr0,Np´1sptq, ȳr0,Np´1sptqq ` λε}εptq}2
2 ` λα}αptq}2

2

such that
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ūr´n,Np´1sptq
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Data-Driven Predictive Control Data-Driven MPC

Notice That...

‚ Only αptq needs to be found! Indeed:
‚ ūptq, ȳptq are defined from αptq
‚ εptq is defined from ȳptq and yrt´n,t´1s

‚ About the number of data samples:
‚ Data ud must be PE of order L ` n “ Np ` 2n

ãÑ N ě pnu ` 1q ˆ pNp ` 2nq ´ 1
‚ We have to obtain data pud, ydq! There are mainly two ways:

‚ before creating the controller,
‚ with a controller in two "phases": data-gathering, then control.
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Data-Driven Predictive Control In Practice

Control Scheme Example

Control of a linear system with nu inputs and ny outputs.
‚ Offline: Define parameters (and cost):

‚ Choose n.
‚ Choose prediction horizon Np, in conjunction with Te the sample time.
‚ Choose number of data samples N ě pnu ` 1q ˆ pNp ` 2nq ´ 1.
‚ Choose costs J, λα, λε.
‚ Generate ud P RNnu such that rankpHNp`2npudqq “ nu ˆ pNp ` 2nq:

random values often work well.
‚ Initialization: For every time t in r0, N ´ 1s:

‚ Apply random input ut Ð ud
t

‚ Record output yd
t Ð yt

‚ Online: As usual with MPC, for every time t ě N :
‚ Solve the control problem
‚ Apply the result ūptq for 1 time step
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Exercice

Exercice: Data-Driven Tracking

Consider the tracking objective:

Jpūptq, ȳptqq “

Np´1
ÿ

k“0
}ȳkptq ´ yr

kptq}2
Q ` }ūkptq ´ ūk´1ptq}2

R

with constraints
umin ď ūkptq ď umax @k ě 0

where yrptq is the reference and ū´1ptq “ ut´1 is the previous input.
1 Write the data-driven control problem in terms of αptq.
2 Implement with these values:

‚ Q “

„

1 0
0 1

ȷ

; R “ 0.1Q

‚ λα “ 0.1; λε “ 10
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Exercice

Choosing Parameters

‚ Choice of n:
‚ Remember, n ě nx: an estimate of nx is nice to have.
‚ Contrarily to an identified system, a “large” n can be good: it gives more

information to the MHE.
‚ Choice of Np:

‚ As for model-based MPC: a larger value increases control performance, but
takes more compute time.

‚ Choice of N :
‚ As said before: N ě pnu ` 1q ˆ pNp ` 2nq ´ 1.
‚ A larger value “filters” uncertainties, but is more expensive computationally.

‚ Choice of J, λα, λε:
‚ λα reduces the risk of "overfit": it should increase with noise variance.
‚ λε reduces "misfit": it should increase with inverse of noise variance.
‚ λα, λε increase together with "model quality": it needs to be balanced against

the control cost J .
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